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Abstract Simulation of the Pulse Electrochemical

Machining (PECM) process can provide information on

system design and guidelines for practical use. The pulses

that are applied to the PECM system have to be described

on a time scale that can be orders of magnitude smaller

than the physical time scales in the system. If the full detail

of the applied pulses has to be taken into account, the time

accurate calculation of the variable distribution evolutions

in PECM can become a computationally very expensive

procedure. In previous work of the authors, approximate

techniques were introduced: the hybrid calculation and the

Quasi Steady State Shortcut (QSSSC). In other previous

work of the authors a model for PECM of steel in NaNO3

was introduced. This model contains a changing polariza-

tion behaviour of the double layer as a function of the

metal ion surface concentration, which brings a strong

non-linearity in the system. In this paper a technique is

introduced to integrate the non-linear model into the

approximate methods. To achieve this, the strategy of the

approximate methods is extended. For the QSSSC, the non-

linearity is handled using an extra convergence level. For

the hybrid calculation, live averaging is used to take care of

the non-linear effects. Performing this, the timesteps used

during the high level calculations are no longer dictated by

the pulse characteristics. Using this approach, computa-

tionally very cheap, yet satisfying results can be obtained.

The technique is very general and very powerful and can be

used in any multi-timescale system.
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List of symbols

a Polarization parameter 1 (S m-2);

A Electrode surface (m2);

b Polarization parameter 2 (A m-2);

c Concentration (mol m-3);

Cp Heat capacity (J kg-1 K-1)

D Diffusion coefficient (m2s-1)

E0 Equilibrium potential (V)

F Faraday constant (= 96485 C mol-1)

h Heat transfer coefficient (W m-2 K-1)

I Electrical current (A)

J Current density distribution (A m-2)

k Thermal conductivity (W m-1 K-1)

Pdl Heat produced, in the double layer (W m-2)

Pbulk Heat produced in the bulk (W m-3)

Prt Turbulent Prandtl number (–)

r General location vector (m)

Re Reynolds number (–)

t Time (s)

T Pulse period (s)

U Potential distribution (V)

v Velocity (m s-1)

w Water depletion factor (–)

x Distance (m)

z Valence (–)

Greek symbols

a Duty cycle (–)

g Overpotential (V)

H Temperature (K)

l Dynamic viscosity (kg m-1 s-1)
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q Density (kg m-3)

r Electrical conductivity (S m-1)

s Time constant (s)

Uc Mass flux (mol s-1m-2)

w Pulse delay (s)

w* Optimal pulse delay (s)

Abbreviations

2D two dimensional

DC Direct current

DNS Direct numerical simulation

ECM Electrochemical machining

FEM Finite elements method

PAP Prior averaging pulse

PECM Pulse electrochemical machining

QSS Quasi steady state

QSSSC Quasi steady state shortcut

RANS Reynolds averaged Navier-stokes

SS Steady state

1 Introduction

Electrochemical Machining (ECM) is a manufacturing

process based on the controlled anodic dissolution of a

metal at large current densities (in the range of 1 A mm-2).

An electrolyte is used to carry away produced heat and

mass, among other reaction products.

Despite its advantages, some difficulties still trouble the

application of ECM. One important issue is the lack of

quantitative simulation software to predict the tool shape

and machining parameters necessary to produce a given

work-piece profile [9, 11, 15]. The most complete model

needs to deal with the effects of the fluid flow, gas evo-

lution, heat generation, the electrochemical processes at the

electrodes, the transport of the species involved and all this

while the electrode shape changes. This work makes a

contribution in the calculation of the temperature field and

the species concentrations, while having a strongly non-

linear polarization at the electrode double layer.

Pulse Electrochemical Machining (PECM) involves the

application of current or voltage pulses. In this work only

current pulses will be considered. This does not compro-

mise the generality, since voltage and current are closely

related. Pulsed current may be applied for reasons of

accuracy and surface quality [4, 6, 7, 15]. The application

of pulsed current can also reduce the thermal load on the

work-piece, while still maintaining the desired current

density during the pulse on-time. The issue of heating of

the electrolyte is of primary importance for the determi-

nation of the limit conditions in ECM [3, 4, 6, 8, 10].

To simulate electrochemical processes with pulses, one

has to perform calculations with boundary conditions that

vary in time. By applying a time stepping algorithm, all

the variable distributions are calculated in time. The

applied pulses have to be described on a time scale that

can be orders of magnitude smaller than the time scale

on which physical effects in the system evolve. This

means that a lot of timesteps would have to be calculated

to perform a satisfying simulation, which would be a

computationally very expensive procedure.

A solution to this problem is given in [17], where the

temperature evolution was calculated. The hybrid calcu-

lation was introduced in the work as an economical

approximate solution to the problem. It consists of

applying averaged boundary conditions and sources first,

and applying pulses starting from a time of interest t*. A

special case of the hybrid calculation is where t*??:

the Quasi Steady State ShortCut (QSSSC), where the

averaged Steady State (SS) is used as a starting state,

and pulses are applied afterwards. It was shown that

delaying the start of the pulses in time with a certain

value w, influences the accuracy of the approximate

method. Analytical formulae for optimal values of w
were presented in the work. The hybrid method and the

derived QSSSC have also been used in other work of the

authors [18–21].

In [22, 23] a numerical model for predicting the

efficiency behaviour during pulse electrochemical

machining of steel in NaNO3 was introduced. This

model uses a polarization that changes as a function of

the metal ion surface concentration. When the metal ion

surface concentration becomes too high, a gel layer is

formed, and the water is depleted from the electrode

surface. The absence of water makes that it can no

longer take a part in the electrode reactions. When the

oxidation of water on the electrode surface stops, the

reaction can no longer produce heat. The water depletion

phenomenon happens quite abruptly, because it is self-

reinforcing. When the concentration becomes very high,

the oxidation of water consumes no longer current and

all the current will go to the other anodic reaction:

oxidation of metal, which produces on its turn even more

metal ions.

In [19] the averaged heat was estimated based on the

polarization parameters and pulse characteristics only. This

method will no longer be adequate with the changing

polarization. The onset of the water depletion is a dynamic

effect which cannot be foreseen accurately. This problem

will be addressed in this paper. The only way to capture the

heat and mass production accurately is by time stepping

through a pulse. The strategy adopted in this work is to use

a Prior Averaging Pulse (PAP). During this pulse the heat

and mass productions are recorded and averaged. The

resulting averaged production quantities are used during

the averaged DC calculations.
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2 Mathematical model

In order to find the local flow field the incompressible

Reynolds averaged Navier-Stokes (RANS) equations are

solved. The excess supporting electrolyte involves that the

potential distribution U in the electrolyte is governed by the

Laplace equation

r : rrU
� �

¼ 0 ð1Þ

with non-linear boundary conditions due to the

electrochemical reactions. A linearized overpotential is

used to model the polarization on the surface of the

electrodes,

J ¼ agþ b; ð2Þ

where the equilibrium potential E0 is deliberately assumed

to be zero, which does not compromise the generality. The

ion distributions are calculated using convective-diffusion

equations with mass fluxes on the boundaries [23]. The

temperature distribution [19] in the system is calculated

using a convective-diffusion equation with heat sources.

Joule heating in the bulk of both the electrolyte and the

electrodes is considered. Heat dissipation in the double

layer is also taken into account.

The mathematical model is much more elaborate than

shown in this section. The details of the full model and the

numerical implementation can be found in [23] and [19].

The necessary attention will be given to the polarization.

The total polarization on the anode (without water deple-

tion) is shown in Eq. 2, where [22, 23]

a ¼ 0:333� 106 S m�2

b ¼ �0:733� 106 A m�2

�
ð3Þ

The total anode current J is composed of the current

producing the metal ions JMezþ and the current of the

oxygen evolution wJO2
:

J ¼ JMezþ þ wJO2
: ð4Þ

The water depletion factor w is a function of the metal ion

concentration cMezþ , and is shown in Fig. 1 for a transition

interval c
begin

Mezþ ; cend
Mezþ

h i
¼ 0:840 mol l�1; 2:090 mol l�1
� �

,

obtained from [22, 23]. The shape in the transition interval

is arbitrarily chosen [23] to get a smooth transition between

no water depletion (w = 1) and full water depletion

(w = 0).

The distribution of the total current between the two

anodic reactions is defined by the parameters r and q, see

[22, 23]. For values r = 1.4 and q = 0.7 V [22, 23], the

polarization of the metal and oxygen reaction becomes

JMezþ ¼ aMezþgþ bMezþ

wJO2
¼ wðaO2

gþ bO2
Þ

�
ð5Þ

with

aMezþ ¼ 0:139� 106 S m�2

bMezþ ¼ �0:362� 106 A m�2

aO2
¼ 0:194� 106 S m�2

bO2
¼ �0:371� 106 A m�2

8
>><

>>:
ð6Þ

The polarization behaviour of the metal dissolution reac-

tion, the oxygen evolution reaction, and the total anodic

polarization is shown in Fig. 2 for w = 1. When w goes to

zero, the current of the oxygen reaction wJO2
drops to zero,

and the total anodic current J becomes equal to the current

of the metal dissolution JMezþ . The current density is lim-

ited to a minimum value of zero, as can be seen in Fig. 2.

The heat production in the anode double layer will be

strongly influenced by the water depletion. The onset of the

water depletion will result in a lowering of wJO2
. This is

equivalent to a rise of the electrical resistance of the double

layer. When for instance current is impressed to the system,

and the water depletion sets in, then all the current has to be

carried by the metal dissolution, and it can be seen from

Fig. 2 that the overpotential g will rise. This will result in a

significantly higher heat production Pdl = gJ in the double

layer. When in another case, voltage is controlled, the

current will drop significantly when the water depletion

cMe / mol l-1

w
/-

0 0.5 1 1.5 2 2.5 3

0

0.2

0.4

0.6

0.8

1

z+

Fig. 1 Water depletion factor

as a function of the metal ion

surface concentration cMezþ , for

a transition interval

c
begin

Mezþ ; cend
Mezþ

h i
¼

0:840 mol l�1;
�

2:090 mol l�1�
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sets in. This will result in a lower heat production Pdl = gJ

in the double layer.

3 Numerical simulations

All the numerical calculations in this work were performed

using the Finite Element Method (FEM).

The following general data were used in the calcula-

tions. For the calculation of the flow field, the dynamic

viscosity was l = 0.001 kg m-1 s-1, the electrolyte den-

sity was qelectrolyte = 1000 kg m-3 and the average flow

velocity was vav = 15 m s-1. The flow was fully devel-

oped at the channel inlet. The physical parameters used in

the simulation for the electrolyte and electrodes can be

found in Table 1. The electrolyte temperature was H1 ¼
20 �C ¼ 293:15 K at the inlet. For the turbulent Prandtl

number the typical value Prt = 0.71 was taken [12]. The

bulk concentration of the supporting electrolyte was

cNaNO3
¼ 70 g l�1. The value for relectrolyte in Table 1 is

given for H ¼ 20 � C, cMezþ ¼ cOH� ¼ 0 mol l�1 (as

obtained at the inlet of the flow channel) and

cNaNO3
¼ 70 g l�1.The value for kelectrolyte from Table 1 is

for the molecular thermal conductivity.

The meshes in the following simulations assured grid

convergence and the smallest mesh elements in the flow

channel on the electrode surfaces were 10-8 m in height in

order to capture the boundary layers in detail. The mesh

size has to be this small, because sufficient points need to

be present in places where the physical quantities vary

strongly.

The geometry on which simulations were performed is

shown in Fig. 3. The cathode was at the top, the anode at

the bottom. In the middle is the channel through which the

electrolyte was pumped from left to right. The active sur-

face of the electrodes was 0.4 mm in width. The total

anode and cathode were 0.8 mm in width. The anode and

cathode were, respectively, 1 and 0.1 mm in height. The

depth of the geometry was 10 mm (along the Z dimension).

The channel was 200 lm in height, yielding a Reynolds

number Re = 3000, and hence the flow was considered

turbulent. The active surface of the electrodes was A = 4

mm2. The applied current was Ion = 4.8 A during the on-

time of the pulse, so that the average current density during

the on-time was Jon = 1.2 A mm-2. The geometry was

discretized in 18752 triangular elements and 9379 nodal

points.

The calculated variable fields were 2D and functions of

time. This provided too much information to display in this

paper, hence the variables were taken from a reference

point A (see Fig. 3) and plotted as a function of time.

Reference point A was located in the middle of the anode

surface.

The largest temperature evolution time constant was

obtained from simulations as s1 = 48.6ms [16]. For the

η / V

J
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0
6
A

m
-2
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1 J

O2
w.J

JMez+

Fig. 2 Polarization behaviour of the metal dissolution reaction JMezþ ,

the oxygen evolution reaction wJO2
, and the total anodic current J.

(w = 1)

Table 1 Physical parameters of the electrodes and electrolyte

Electrolyte Electrodes

r 8.16 S m-1 1 9 106 S m-1

qCp 4.17 9 106 J m-3 K-1 3.55 9 106 J m-3 K-1

k 0.5984 W m-1 K-1 81 W m-1 K-1

X / mm

Y
/m

m

-0.2 0 0.2 0.4 0.6
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-0.8
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-0.2
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0.2
Cathode

Anode

Flow Channel

A

Fig. 3 Geometry of the system, with reference point A
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metal ion concentration evolution, the slowest time con-

stant was found to be roughly s1;cMezþ ¼ 0:4 ms [18], which

can vary a bit due the strong temperature changes in the

system. The Biot number is Bi = 1.4.

3.1 Quasi steady state shortcut

Using the Quasi steady state shortcut (QSSSC), the aver-

aged SS is used as a starting state, and afterwards pulsed

time stepping is performed. The QSSSC is intended as a

method for easy calculation of the Quasi Steady State

(QSS). This method has been performed in detailed

numerical calculations in former work [19].

The QSSSC will be performed in multiple steps in this

work. To start, a first attempt for an averaged SS is per-

formed. For this first attempt, w and hence also the polar-

ization is assumed constant. The starting averaged SS can

then be calculated with the polarization parameters and the

pulse characteristics only. This is the way the starting state

for the QSSSC was obtained in [19].

In [19] the average current density Jav was applied, and

the heat productions were calculated as a function of the

average quantities Jav and Uav. Also, the average current

density Jav generated the average mass production auto-

matically. With the composed polarization in this paper,

see Eqs. 4 and 5, this formulation becomes too cumber-

some, and also the problem arises that averaging the

overall current J distorts the ratio of the current densities of

the partial reactions JMezþ and wJO2
, and hence also chan-

ges the efficiency. The averaging strategy is slightly

changed: instead of applying the averaged current density

Jav during the averaged calculation, the full on-time density

current Jon gets applied. This has a few advantages: the

formulation of the heat production becomes easier. Also

the current density distribution is more accurate, and no

distortion of the ratio of the current densities of the partial

reactions occurs. A disadvantage is that the mass produc-

tion has to be explicitly averaged also, and maybe another

argument is that the averaged current is more intuitive to be

used during the averaged case. The advantages outweigh

the disadvantages, and the averaged productions will be

formulated as a function of the on-time quantities Jon and

Uon.

The heat production in the double layer is

Pdlðr; tÞ ¼ gðr; tÞJðr; tÞ: ð7Þ

The averaged heat production in the double layer during a

period T, for rectangular pulses with duty cycle a and w

constant, is

Pdl;avðrÞ ¼ agonðrÞJonðrÞ: ð8Þ

In both the electrolyte and the electrodes there is heat

generation (Joule effect). For the dissipated heat we have

Pbulkðr; tÞ ¼ �Jðr; tÞ :rUðr; tÞ: ð9Þ

Using J ¼ �rrU, Eq. 9 yields

Pbulkðr; tÞ ¼ r rUðr; tÞ
� �2 ð10Þ

Averaging this heat production over a period T gives, for

rectangular pulses with duty cycle a and w constant,

Pbulk;avðrÞ ¼ ar rUonðrÞ
� �2

: ð11Þ

Mass production is considered at the electrode, and is

imposed as flux Uc at the electrode surfaces contiguous to

the electrolyte.

Ucðr; tÞ ¼ D
ocðr; tÞ

ox
¼ Jðr; tÞ

zF
: ð12Þ

Averaging this mass production gives, for rectangular

pulses with duty cycle a and w constant,

Uc;avðrÞ ¼ a
JonðrÞ

zF
: ð13Þ

To summarize the strategy for the first attempt of the

averaged SS: the full on-time current Ion is imposed to the

system, giving JonðrÞ and UonðrÞ. For the heat and mass

sources the averaged values are used, which are given by

Eqs. 8, 11 and 13. The formulations are very easy in this

case for rectangular pulses, since they essentially only

involve multiplying by the duty cycle a.

The strategy described in the previous paragraphs, as the

first attempt for an averaged SS, is not very accurate,

because w will most likely not be constant. The water

depletion factor distribution wðrÞ can change during the

pulse, and due to the complexity of the system the only

way to accurately describe this phenomenon is simply by

time stepping through the calculation. Hence the following

strategy is adopted: a whole period is being calculated with

timesteps and the heat and mass sources are recorded.

Afterwards these sources are averaged over the period T.

This period is called the Prior Averaging Period (PAP). It is

called prior, because it is always calculated before aver-

aged DC calculations, either SS or time-stepped. The

averaged heat production in the double layer Pdl;avðrÞ
during a period T, is then calculated as

Pdl;avðrÞ ¼
1

T

Zt0þT

t0

Pdlðr; tÞdt: ð14Þ

The averaged heat in the bulk Pbulk;avðrÞ is calculated as

Pbulk;avðrÞ ¼
1

T

Zt0þT

t0

Pbulkðr; tÞdt: ð15Þ

The averaged mass flux Uc;avðrÞ at the electrode surfaces

contiguous to the electrolyte is calculated as

J Appl Electrochem (2010) 40:1395–1405 1399
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Uc;avðrÞ ¼
1

T

Zt0þT

t0

Ucðr; tÞdt: ð16Þ

With these newly obtained averaged sources, a new and

more accurate averaged SS can be computed.

To make sure that an accurate averaged SS is obtained,

multiple iterations in calculating a PAP and a following

averaged SS can be performed, until a convergence is seen.

The starting state of the PAP is then the averaged SS,

calculated using the averaged sources of the previous PAP.

The convergence is typically very fast.

Simulations have been performed. Two cases are com-

pared: one with the use of the PAP and one without (using

only the first attempt for the averaged SS). The pulse delay

w has been chosen optimally (for the temperature con-

duction in the anode), according to the analytical formula

obtained in earlier work [17, 18]. By this choice of

w = w*, the decaying component is reduced as much as

possible. To obtain a figure which illustrates the problem

for temperature evolution clearly, the ratio between the

transient and the period T was chosen strategically, yield-

ing T = 10 ms. The duty cycle was a = 0.5. The optimal

pulse delay was w* = 2.564 ms.

It can be seen in Fig. 4 that the temperature evolution in

reference point A during the QSSSC without the use of the

PAP shows a large transient. The QSSSC method is not

performing well at all, because the initial averaged state

was far from accurate. When using the PAP, a much better

initial averaged state was obtained, and almost no transient

is noticeable during the pulses. Already the first calculated

period is a very accurate approximation of the QSS, as can

be seen in Fig. 4.

When looking at the metal ion concentration evolution

cMezþ in reference point A during the QSSSC with and

without the use of the PAP, Fig. 5 is obtained.. The tran-

sient seen in Fig. 5 is caused by the transient in the tem-

perature evolution as seen in Fig. 4. The temperature has a

significant influence on the diffusion coefficients, which

manifests itself in the surface concentrations of the ions.

The time constant of the concentration evolution itself is

quite small, roughly s1;cMezþ ¼ 0:4 ms as mentioned in the

previous section, and hence a transient would disappear

quickly compared to the pulse period T = 10 ms.

The use of the PAP is very important. Another strategy

would perhaps be to use the first SS averaging effort with w

constant, and then let the errors damp out during the cal-

culation of multiple periods, cf. Fig. 4. This is however not

a good option, since the time constants of the temperature

evolution can be very large and hence the damping very

slow. Then the gain of the QSSSC is completely lost. The

convergence of the PAP with every time a SS afterwards is

however fast. Because it involves iterative SS calculations,

it is independent of the large time constants, and the

computational gain is very big. The convergence of the

iterative calculations of PAPs can be seen in Fig. 6. It can

be seen that convergence is relatively fast. The ‘‘jump’’

during consecutive PAP iterations stays. This is due to the

non-ideality of the QSSSC. Although not very much, still

some errors need to damp out, as can also be seen in Fig. 4.

For the following quantitative study in this paragraph

only the anode double layer heat sources will be

t / s

Θ
/

°C

0 0.05 0.1 0.15 0.2

20

40

60

80

QSSSC using PAP
QSSSC without PAP

Fig. 4 Temperature evolution H during the QSSSC in reference

point A, with and without the use of the PAP
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/m
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Fig. 5 Metal ion concentration evolution cMezþ in reference point A

during the QSSSC with and without the use of the PAP
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considered. The bulk heat sources are of minor importance

in this case, and the mass sources are only marginally

important because the concentration evolution is so fast,

that there is no accumulation over multiple pulse periods.

The anode double layer heat source distribution is espe-

cially interesting because it is strongly influenced by the

changing polarization (due to the water depletion). If we

see for the calculated case, the percentage difference in

Pdl;avðrÞ between the first averaging effort (w constant) and

the PAP is 74%, which is a big improvement. Calculating a

second PAP, gives another 10% difference in averaged

double layer heat sources Pdl;avðrÞ. Percentage differences

DPdl;avðnÞ of consecutively calculated PAPs are shown in

Fig. 7. It can be seen that the convergence is very fast.

The percentage difference between two consecutive

Pdl,av is calculated as

DPdl;av ¼
1

xmax � xmin

Zxmax

xmin

jPdl;av;iðxÞ � Pdl;av;i�1ðxÞj
Pdl;av;iðxÞ

dx:

ð17Þ

The averaged double layer heat source distribution Pdl,av(x)

is shown in Fig. 8, for the consecutively calculated PAPs,

starting with the first averaging effort where w is constant.

It can be seen that after 3 PAPs the solution is sufficiently

converged.

For Uc;avðxÞ, a very similar convergence for Pdl,av(x) as

in Fig. 7 and 8 can be noticed but this is mainly due to the

dependency on the temperature, as was already mentioned

before.

The first attempt for an averaged SS (w constant) as

described above can be omitted, and the task of obtaining

an accurate averaged SS can be put entirely on the PAP and

its convergence. For a current controlled rectangular pulse

the formulation for a first attempt with w constant is very

easy. For non-rectangular pulses the formulation is more

difficult, and for voltage driven pulses the formulation

becomes even more difficult because the current sets as a

function of what happens in the whole system. In such

more complex cases, it is very acceptable to rely fully on

the PAP and its convergence (without the first attempt).

This is a very general applicable approach. The first

attempt can only speed up the convergence process, but is

not absolutely necessary.
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Fig. 6 Convergence of averaged SS, using iterative PAPs and SS

calculations, 10 PAPs calculated
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Fig. 7 Percentage differences between Pdl,av of consecutively calcu-

lated PAPs, starting with the first averaging effort where w is constant
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Fig. 8 Averaged double layer heat source distribution Pdl,av(x) of

consecutively calculated PAPs, starting with the first averaging effort

where w is constant
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3.2 Hybrid method

In the previous section, the importance of using the PAP,

when dealing with such strong non-linearities, was shown.

In this section, the PAP will be used for the more general

hybrid method. The pulse delay w will always be optimally

chosen, w = w*, to reduce the decaying components as

much as possible.

The hybrid method consists of applying averaged

boundary conditions and sources for an amount of time,

and applying pulses starting from a time of interest t*. The

pulsed variables can then be calculated at the time t*.

Applying the hybrid method a multiple times consecutively

leads to a time grid t�i of points of interest. A calculation is

done in separate steps: pulses are calculated at t�i and the

jumps in between are filled in with averaged DC

calculations.

Something extra is that before t�i is reached, some extra

pulses are calculated to damp out anything we do not want

in our solution. There are multiple unwanted elements in

our solution. First there are the remaining decaying com-

ponents for temperature and concentration evolution,

which could not completely be eliminated by shifting the

pulse. There are also shortcomings of the DC calculations:

the heat transfer coefficient h is not constant because due to

the pulsing and the thermal transient the flow is never fully

thermally developed. This causes the DC calculation to be

a little bit ‘‘off’’ too. To make matters worse, the optimal

pulse delay is changing, because the shape of the heating

pulse is not constant. When the polarization changes, the

heating changes. When the polarization of the electrode

rolls over to another state during the pulse off-time, the

pulse will have two different on-time levels. This distorted

heat pulse will yield another optimal pulse shift than the

one obtained from the current pulse. The error will prob-

ably not be too large, and recalculating the pulse shift is

considered not to be worth the effort. An error may be

accumulated during the averaged calculation. Hence it is

important to have a few pulses to give the opportunity to

damp it out. More averaging attempts can be done, for

instance the heat transfer coefficient h may be manipulated

so that the effect of the undeveloped temperature profile

could be compensated. Also here a great complication

would be introduced which is probably not worth the great

effort.

The last calculated system state of the previous step, is

always the start state of the next step. In more detail, the

strategy is then as follows. We start at a time t�0 ¼ 0 and the

system state is known (for instance everything flushed

clean and at room temperature as used in this work). A

pulse at time t�0 is calculated. This pulse serves in the

meanwhile as a PAP by recording the heat and mass

sources and averaging them afterwards. Using the last

obtained system state as a new starting state, a DC piece is

calculated to time step coarsely until t�1 � nT , using rela-

tively large time steps. During this DC step, the averaged

heat and mass sources from the PAP are used. Starting

from the time t�1 � nT a number of n pulses are calculated,

to improve the solution as mentioned above. When the time

t�1 is reached a pulse is calculated, which was the aim of the

method. This pulse serves in the meanwhile again as a

PAP, and the procedure continues until at every time step t�i
a pulsed period is calculated.

Simulations have been performed. Two cases are com-

pared: a hybrid calculation and a full DNS for reference.

To obtain a figure which illustrates the problem for

temperature evolution clearly, the ratio between the tran-

sient and the period T was chosen strategically, yielding

T = 2.5 ms. The duty cycle was a = 0.5. The optimal

pulse delay was w* = 0.629 ms. A calculation was per-

formed until t = 0.2525 s. The hybrid time grid t�i was

chosen as [0, 0.05, 0.1, 0.15, 0.2, 0.25]. During the hybrid

calculation, 10 timesteps (equally spaced) were used to

calculate each DC piece, and 3 extra pulses were calculated

each time to improve the solution.

It can be seen in Fig. 9 that the hybrid results at t�i are

very close to the results from the full DNS. A zoom around

t�2 ¼ 0:1 s is shown in Fig. 10.. In the calculation the

average error between the hybrid and the DNS results at t�i
is 1.4%, which is considered a very good result. If neces-

sary the results can be improved by using more timesteps

during the DC period, and by using more convergence

pulses right before t�i . This off course means performing

heavier calculations.
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Fig. 9 Hybrid and DNS calculation of the temperature evolution H
in reference point A
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The metal ion concentration evolution cMezþ in reference

point A is shown in Fig. 11, where a similarly slow tran-

sient as with the temperature evolution in Fig. 9 can be

seen. The diffusion coefficient increases with temperature,

which causes the surface concentration cMezþ to go down

due to better mass transport. The agreement between cMezþ

in the hybrid and the DNS results at t�i is again very good.

The remaining decaying contribution in the metal ion

concentration cMezþ damps out very quickly due to the

small time constant s1;cMezþ . A transient is expected to take

about 5s1;cMezþ ¼ 2 ms, which is still shorter than one per-

iod T = 2.5 ms. If there are further differences between

cMezþ from the hybrid calculation and the DNS, these are

caused by the deviations of the temperature H.

The timesteps of the hybrid grid t�i do not have to

coincide with a whole multiple of T as is the case in this

work. Here it has been chosen on purpose that way, so that

a comparison with the DNS case was possible afterwards.

4 Discussion

The hybrid method as shown in this work is a powerful

technique to calculate the pulsed variable evolutions at

certain times for only a period T, without too much cal-

culations besides. The future aim off these calculations is

to incorporate the shape change of the anode. This will be a

relatively slow evolution in the system, which will be

calculated using time steps [2, 13, 14]. These time steps

will be relatively large, in order to have an economic cal-

culation. By using the hybrid method, all the variable

evolutions can be calculated at the high level time steps of

the shape change. From the gathered information the

average metal removal rate can be obtained, which can

then be extrapolated over the time interval.

The method can go further. Oscillating electrodes [1, 5]

are sometimes used during ECM. The gap is widened

during the off-times of the pulse, and hence a better

evacuation of the reaction products is accomplished. The

oscillating movement of the electrode introduces an extra

challenge for the simulations, and will increase the calcu-

lation load substantially. The electrode oscillates at the

pulse frequency 1/T, and the hybrid method deals very well

with this problem, since it was introduced as a way to make

the calculations independent of the timescale of the period

T. For the pulses that have to be calculated during the

hybrid method, oscillating electrodes can be implemented,

and their effect will be automatically incorporated into the

average shape change.

For the sake of calculation load it is desirable that the

high level timesteps are as large as possible, and hence

most of the physical time is calculated as averaged DC. As

with all numerical techniques, a time grid convergence

study has to be performed. This involves making the time

grid systematically denser until the changes in the result

drop below tolerance. This time grid convergence becomes

multi dimensional, because not only the increase in high

level time grid density improves the solution, also an

increase in timesteps during each DC piece, and an

increase in damp-out-pulses can improve the final solution.

The hybrid method is also very useful to calculate the

concentration fields at the electrodes, when the concen-

tration accumulates over different pulse periods. It has to

be noted that the efficiency model used in this work is only

validated for independent pulses [22, 23], where the
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Fig. 10 Hybrid and DNS calculation of the temperature evolution H
in reference point A, zoom around t�2 ¼ 0:1 s
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produced ions of the former pulse are completely flushed

before the on-time of the next pulse. This model can be

improved in the future, so that it can describe the efficiency

behaviour while the species accumulate on the electrode

surface during multiple pulse periods. The aim of this

paper is to show that models with such strong non-linear-

ities pose no problem for the hybrid method. The hybrid

method aims for generality of application, and flexibility.

Being able to deal with the strong non-linearities is a

necessity for generality. When a more elaborate model for

the efficiency during accumulating species over multiple

periods is obtained, it can probably be used together with

the hybrid method without too many problems.

If the duration of the variable transients in the system

can be neglected compared to the total machining time, it is

an acceptable approximation to say that the system is

always in QSS. The QSS can be computed cheaply using

the QSSSC (at all the timesteps of the high level time grid).

This method is very convenient for easy integration in a

larger time scale shape change calculation. If the duration

of some of the variable transients in the system cannot be

neglected compared to the total machining time, the hybrid

method which is a bit more expensive still applies as a very

general method. The hybrid method does however not

automatically simplify to the QSSSC in the numerical

simulations, since there is the time-stepped DC part and no

convergence of the PAP and its following averaged SS.

When the application of the QSSSC is appropriate, its full

potential can only be obtained by studying the time scales

in advance and choosing the method explicitly.

5 Conclusion

In this work, the hybrid method proves to be a powerful

technique to calculate the pulsed variable evolutions at

certain times, without too much calculations besides. Being

able to do so is very useful when calculating a phenomenon

which happens at a much larger time scale than the small

pulse time scale T, such as electrode shape change.

When the system contains strong non-linearities, the

hybrid method can still perform excellently. The key is to

use the Prior Averaging Pulse (PAP), which is actually

some kind of ‘‘live’’ averaging. During this PAP the full

model is taken into account, and all the non-linear effects

are accounted for. The results from the PAP provide the

necessary information for the DC calculations which are

used to time step cheaply through time intervals of any

size, or even calculate a SS. The hybrid method makes the

calculation on the largest time scale as good as independent

from the evolutions at the much smaller time scales, and

this without loosing the effects of the smaller time scales.

The method is very general.

In this work, a QSSSC is shown, where the PAP is both

used and not used. The PAP proves to be an essential

element in performing an efficient approximate calculation.

Also a case using the hybrid method and a reference DNS

are calculated. The hybrid method proves to be a good

method to calculate the pulsed variable evolutions at cer-

tain times, without too much calculations besides. During

the averaged calculation no model detail is lost in the

averaging process, which is the crown feature of the

method.
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